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Abstract: This paper describes the investigation of a probabilistic method for crack propagation 
monitoring in plate- or shell-like structures, which utilizes a cluster of passive piezoelectric sensors. 
The method allows for the determination of the crack tip location and stress intensity factor (SIF) of a 
relatively long crack in the vicinity of the cluster, with predetermined or specified accuracy of 
monitoring. An analytical deterministic model for the response of a piezo-sensor located in the vicinity 
of a crack tip was developed, based on previously published work. Probabilistic characteristics of the 
piezo-sensor response were obtained experimentally for a wide range of loading conditions. The 
analysis is derived from a solution of the inverse problem for the cluster and Monte-Carlo simulations 
utilising the experimentally obtained probabilistic characteristics of the piezo-sensor response. If the 
crack path can be identified beforehand, then the analysis provides the optimal cluster design for 
monitoring the crack extension with a required accuracy. Also, a series of clusters can be used to 
monitor large crack advances. 
Keywords: crack detection, piezoelectric sensors, probability of damage detection, sensor cluster, 
structural health monitoring. 
1 Introduction 
This paper presents a new probabilistic non-destructive evaluation technique, which allows the 
monitoring of the location and the stress intensity factor (SIF) of a relatively long crack, running 
through the thickness of a plate- or shell-like structure. The technique is based on the previous 
research of Dally et al [1] and Fujimoto et al [2], who investigated the use of strain measurement 
sensors, to determine the open mode SIF of cracks. 
The use of strain measurement sensors, to determine the SIF near the tip of a crack, was first 
suggested by Irwin [3] in 1957. However, little progress was made for nearly 30 years in implementing 
his suggestion. There were three reasons for this delay. First, most researchers thought that the strain 
gradient associated with the crack-tip singularity would produce large errors. Second, the experimental 
community worldwide was more occupied in developing optical methods for experimental studies of 
fracture problems. Finally, the mathematical methods of data analysis necessary to fully utilise the 
potential of point measurements of strain to predict SIF were not yet recognised. 
Irwins suggestion was successfully undertaken in 1987 by Dally and Sanford [1, 4], who effectively 
employed electrical resistance strain gauges to measure the SIF in the open and shear mode. They 
found that placing the gauges away from the crack tip significantly reduced errors caused by the 
plastic zone. However, this produced other errors as the non-singular stresses became more 
significant with distance from the crack tip. To remove these errors, a higher order series solution was 
used to describe the strain field around a crack [1]. In 2004, Fujimoto et al [2, 5] then successfully 
extended Dally and Sanfords work to utilise piezoelectric sensors, which provided a much simpler and 
more robust method for determining opening and shear mode SIF values. 
This paper extends Fujimoto et als [2] work, which was focused on largely the measurement of the 
open mode SIF of a crack using piezo-sensors, by also monitoring its location while it propagates. It 
was shown experimentally that the real piezo-response can significantly deviate from the theore tically 
predicted. The reason for such deviations could be attributed to many factors including the thickness 
of the adhesive, which is difficult to control accurately, its porosity and local yielding.  Therefore, the 
current paper is based on a probabilistic approach of Monte-Carlo simulation, which takes into account 
the realistic features of the cluster response.          
The first section of this paper describes the formulation of a piezoelectric sensors voltage response to 
a presence of a long crack, followed by the details of the experiment conducted to determine the 
probabilistic characteristics of voltage measurement between different piezoelectric sensors at several 
frequencies and magnitudes of the loading. This paper is concluded with a description of the 
  
probabilistic model of the piezo-sensor cluster and results of simulations. From this model one can find 
a suitable geometry of the cluster arrangement as well as to identify the maximum length of the crack 
path which can be monitored by the cluster with required or specified accuracy.  
2 Sensor Relationship 
Piezoelectricity is a phenomenon whereby a charge is induced in a material upon the application of a 
stress [6]. Using this phenomenon and fracture mechanics considerations, it is possible to determine a 
piezoelectric sensors voltage generated across its electrodes in response to a semi-infinite crack. 
2.1 Piezoelectric Constitutive relation 
The constitutive equations for piezoelectric material are [7], 
e dD ds +=  (1)  
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where D is the electric displacement vector, e is the strain tensor, e is the applied electric field vector 
and s is the stress tensor. The piezoelectric constants are the dielectric permittivity d, the piezoelectric 
coefficients d, and the elastic compliance matrix s. 
 
Figure 1: Piezoelectric sensor 
This technique utilises the direct piezoelectric effect, where no electric field is applied [7].  By 
combining (1) and (2), the electric displacement vector is given as, 
edcD =  (3)  
where c is the stiffness tensor of the piezoelectric material, the inverse of its elastic compliance s. The 
charge q generated by the piezoelectric material is related to the electric displacement by [8], 
332211 dADdADdADq òòò ++=  (4)  
where dA1, dA2 and dA3 are the electrode areas in the 2-3, 1-3 and 1-2 planes respectively. It can be 
seen from Figure 1 that the areas on the edges of the thin piezoelectric sensor, areas A1 and A2, are 
negligible and therefore we can assume that, 
33 dA Dq ò=  (5)  
The electric displacement in the 3 axis is, 
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A typical piezoelectric sheet can be treated as a parallel plate capacitor [8], therefore the voltage 
generated across the sensor electrodes Vc is related to the charge q and the capacitance of the 
sensor Cp as, 
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The sensor is only stressed in the 1 and 2 axis, as the 3 axis has a free surface. Therefore the stress 
strain relationship can be expressed by,  
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where n is the Poissons ratio, and E is the elastic modulus of the host structure material. By 
substituting (8) into (7) yields, 
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Equation (9) shows that the voltage generated across the electrodes of a piezoelectric sensor, when 
positioned near a crack tip, is directly proportional to the integrated value of the sum of the stresses in 
the 1 and 2 axis over the area in which the sensor is adhered to the material. 
2.2 Fracture Mechanics Considerations 
The stress distribution in the vicinity of a relatively long crack is well-known [3] and can be described 
by the following equations, 
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where r and  are the polar coordinates, as described in Figure 2a, and K I is the Mode I stress 
intensity factor. By converting the stress sum distribution from a polar to Cartesian coordinate system, 
the sum of the stresses near a crack tip become, 
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2.3 Combined Theory 
When a piezoelectric sensor is adhered to a material near a crack tip and its first axis is parallel to the 
crack, the theoretical output voltage of the sensor can be described by the combination of (9) and (11) 
and is expressed by, 
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where B is the constant described in (9). 
Figure 2b shows a typical piezoelectric sensor voltage response at different locations near a semi-
infinite crack in the 1-2 plane. Figure 2b predicts a sharp increase in the patch voltage when the 
sensor crosses the crack. However, as it was mentioned above, plasticity of both the area of the plate 
near the crack and the adhesive will bound the stress and consequently the voltage output.    
  
   
 (a) (b) 
Figure 2: (a) Coordinate system of a piezoelectric sensor positioned near a semi-infinite crack tip, (b) 
the voltage generated across the piezoelectric sensor electrodes near a semi-infinite crack 
3 Piezoelectric Sensor Measurement Error 
In order to assess the probabilistic characteristic of a piezo-sensor response in the vicinity of a crack 
tip, we conducted experimental investigation on the set of piezo-sensors of equal shape and sizes to 
the same loading conditions. A test spec imen, made of aluminium, was const ructed and a set of 
piezoelectric sensors were attached on both sides of the flat surfaces, giving a total of 12 sensors. The 
location of the sensors and geometry of the specimen were chosen to ensure the same stress 
condition for each tested sensor. A diagram of the experimental setup can be seen in Figure 3. 
 
Figure 3: Experimental setup of aluminium test specimen with attached piezoelectric patches on both 
sides. 
Using an INSTRON 1342, load cycling experiments were carried out on the specimen equipped with 
piezo-sensors with loads cycling between 0kN and 24kN. During these experiments, the voltages of 
the piezoelectric sensors were recorded at the point of maximum tensile loading, which occurs when 
the piezoelectric sensor voltage response is at a minimum. The voltages of twelve piezoelectric 
sensors were then recorded at frequencies of 0.2Hz, 1Hz, 5Hz, 10Hz and 15Hz. To remove 
systematic errors the voltage ratios between each sensor were considered. 
  
 (a) (b) 
Figure 4. (a) Error range in the minimum voltage measurements at different frequencies, (b) 
normalised probability density of the minimum voltage measurements at different frequencies 
f =  5 Hz, 
 10 Hz, 
 1 Hz, 
 15 Hz, 
 0.2 Hz 
30 
20 
10 
0 
Normalised Voltage 
Pr
ob
ab
ili
ty
 D
en
si
ty
 
0.9 1 1.1 
1.2 
1 
0.8 
0.6 
0.4 
0.2 
0 
0.1 1 10 
Frequency (Hz) 
N
or
m
al
is
ed
 V
ol
ta
ge
 
100 
Data 
Acquisition 
System 
Data 
Analysis 
x 
y
r 

0 
-5 
-10 
0.1 
0 
-0.1 
0 
0.1 x (m) 
y (m) 
Pa
tc
h 
Vo
lta
ge
 (V
) 
  
Results for the minimum voltage measured from the twelve sensors attached to the test specimen at 
different frequencies are shown in Figure 4a and Figure 4b. Figure 4a shows the error in the minimum 
voltage measurement as an error bar. The centre of each error bar is the mean value calculated at 
specific frequencies and its outer limits are positioned at two standard deviations from the calculated 
mean voltages. The voltages have been normalised to the greatest mean value, which occurs at 15 
Hz. Figure 4b shows the probability density of the normalised minimum voltage measurements, in 
order to provide an indication of the error in the voltage measurement with respect to frequency. From 
Figure 4b, the maximum error in the minimum voltage measurements between 0.2Hz and 15Hz were 
determined to be, with 99% confidence, approximately 10% of the measured mean values. 
4 Modelling of Crack Detection 
Using (12), an analytical deterministic model was developed for a cluster of four piezoelectric sensors 
within the vicinity of a crack tip. This model was used to simulate the crack detection method and 
investigate its effectiveness. The cluster model was comprised of four square sensors of dimension d 
and each sensor was positioned distance L from the other sensors, as shown in Figure 5. Finally the 
whole system was dimensionalised by the sensor dimension d. 
 
Figure 5: Cluster Model. 
A Monte-Carlo simulation was carried out, determining the minimum voltages for each piezoelectric 
sensor in the cluster at predetermined locations near the crack tip. A normal distributed random error 
was incorporated in the sensor voltages, using the normalised distributed error of the piezoelectric 
sensors determined in section 3. The x and y position of the crack tip, from the centre of the cluster, 
and SIF of the crack were then calculated using an overdetermined system of four non-linear 
equations, one for each sensor, with the new minimum sensor voltages. 
  
 (a) (b) 
Figure 6. (a) The difference in calculated and actual x position of cluster from the crack tip against the 
actual x position of the cluster from the crack tip, (b) the percentage accuracy in the calculated (KI) to 
actual (KIa) SIF against the actual x position of the cluster from the crack 
The simulations were conducted along the centre line of the cluster, in order to determine the distance 
from the cluster that a crack could be detected. Figure 6a shows the difference in the calculated (xc) 
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and actual crack location (xa) relative to the centre of the cluster, which allows the accuracy of 
measuring the crack location to be determined. When a crack is propagating along the clusters 
centreline, its position can be detected accurately once it enters the cluster area. This accuracy 
decreases once the crack passes the back quarter of the cluster area. The same can be seen for the 
calculated SIF (KI) in Figure 6b. 
There is one consideration that needs to be undertaken for this analysis, which is the analytical model 
used is valid only where the piezoelectric sensors are positioned within the K-dominate zone, near the 
crack tip. Therefore, when the distance between the sensors L is increased, the dimension of the 
sensors d must be decreased in order to stay within this zone. 
5 Conclusion 
A probabilistic method for monitoring the propagation and SIF of a large crack with common 
commercially available piezoelectric sensors has been investigated. An analytical model of the cluster 
was used, in conjunction with statistical error measurements between piezoelectric voltages, to 
determine the accuracy of the proposed technique.  
As expected the accuracy drops with an increase in the distance between the sensors (L), however, 
the area in which the cluster can monitor the crack increases with this distance. Using Figure 6a, the 
minimal distance between the sensors (L) can be determined by  drawing a horizontal line at the level 
of the required accuracy (xerror), which is expressed in the figure in terms of the ratio xerror/d. The 
intersection with the lines for various L/d ratios gives the range of the crack path, which can be 
monitored by the cluster.  
The numerical results obtained in this study identify that this method of crack monitoring shows great 
potential and can be used in industrial applications, which require a cheap, on-line monitoring 
technique. As the method utilises a typical piezoelectric sensors, other piezo-based techniques can be 
used in conjunction, which can provide the ability to monitor the global properties of a structure as 
well. 
Future work will involve validating the area of accuracy through full-scale experimental analysis and 
further extending the crack propagation monitoring area of the cluster by using a two- or three-term 
series representation of the strain field due to a plane stress state in the local neighbourhood of the 
crack-tip.  
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